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CR-ANALOGUE OF SIU-∂∂-FORMULA AND APPLICATIONS TO
RIGIDITY PROBLEM FOR PSEUDO-HERMITIAN HARMONIC MAPS
SONG-YING LI AND DUONG NGOC SON
Abstract. We give several versions of Siu’s ∂∂-formula for maps from a strictly pseudoconvex
pseudo-Hermitian manifold (M2m+1, θ) into a Ka¨hler manifold (Nn, g). We also define and
study the notion of pseudo-Hermitian harmonicity for maps from M into N . In particular,
we prove a CR version of Siu Rigidity Theorem for pseudo-Hermitian harmonic maps from
a pseudo-Hermitian manifold with vanishing Webster torsion into a Ka¨hler manifold having
strongly negative curvature.
1. Introduction
Let (M,h) and (N, g) be Riemannian manifolds and f : M → N . Then f is said to be
harmonic if
∆Mf
α + Γαβγ(f)
∂fβ
∂yi
∂fγ
∂yj
hij = 0, (1.1)
where yi are the coordinates on M , Γαβγ are the Christoffel symbols of N , and ∆M is the
Laplace-Beltrami operator of M . In [16], Siu proved the following theorem for harmonic maps
between Ka¨hler manifolds which implies his celebrated strong rigidity theorem.
Theorem 1.1 (Siu Rigidity Theorem). Suppose that f : M → N is a harmonic map between
Ka¨hler manifolds. If M is a closed manifold, N has strongly negative curvature in the sense of
Siu, and df has real rank at least 4 at some point p ∈M , then f is either holomorphic or anti
holomorphic.
This theorem, together with existence theorem for harmonic maps by Eells and Sampson
[5], gives the following strong rigidity result for compact Ka¨hler manifolds of strongly negative
curvature: suppose that M and N are two Ka¨hler manifolds of complex dimension at least 2
with M being closed and suppose that N has strongly negative curvature. Then M and N are
topologically equivalent if and only if they are biholomorphically equivalent.
For strictly pseudoconvex pseudo-Hermitian CR manifolds, beside Laplace-Beltrami operator
associated with the Webster metric, there are other notions of Laplacian (e.g, the sub-Laplacian
and Kohn-Laplacian), which lead to several notions of harmonicity for maps from CR manifolds.
For instance, the pseudoharmonic maps defined by using sub-Laplacian have been studied by
many authors (see, e.g, [1, 4, 13]). (However, our notion of pseudo-Hermitian harmonic maps
defined below does not coincide with the notion of pseudoharmonic maps into Riemannian
manifolds as defined in [4]). Motivated by these research and our own work with X. Wang [11]
on Kohn-Laplacian, we define the notion of pseudo-Hermitian harmonic maps, using Kohn-
Laplacian on CR manifolds, and study the rigidity analogous to Siu’s strong rigidity.
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Let (M2m+1, θ) be a strictly pseudoconvex pseudo-Hermitian manifold with a pseudo-Hermitian
structure θ and the Levi metric h, and let (Nn, g) be a Ka¨hler manifold with Ka¨bler metric g.
For any differentiable map f :M → N , we define the total ∂b-energy functional of f by
E[f ] =
∫
M
gαβf
α
i¯ f
β
j h
ji¯θ ∧ (dθ)m. (1.2)
We say that f is pseudo-Hermitian harmonic if f is a critical point of the functional E[·]. Write
eα = ∂/∂z
α, where zα is a local holomorphic coordinate on N , and let
Γαβγ =
∂gγδ
∂zβ
gδα (1.3)
be the corresponding Christoffel symbols. Then, the Euler-Lagrange equation for E[·] is
τ [f ] = hji¯
(
fαi¯j + Γ
α
βγf
β
i¯
fγj
)
eα = 0. (1.4)
The key ingredient in Siu’s proof is his celebrated ∂∂-formula, which does not involve Ricci
curvature of the source manifold M . In order to prove a Siu-type theorem in CR geometry,
the important step is to find an analogue of the ∂∂-formula. However, since the Tanaka-
Webster connection always has torsion, our formula should involve torsion of M . To be more
precise, let fα
j¯|k|l
be the components of DD∂¯bf , where D is the connection induced by Tanaka-
Webster connection on M and the pull-back of the complexified Levi-Civita connection on N
(see Section 3 for detail). Following Graham and Lee [6], we define the second and third order
operators
fα
i|j¯ = f
α
ij¯
+ NΓασρf
σ
i f
ρ
j¯
; (1.5)
Bij¯f
α = fα
i|j¯ −
1
m
(fαk|l¯h
kl¯)hij¯ ; (1.6)
Pif
α = fαj¯|l|ih
lj¯ +m
√−1Aij¯fαj¯ ; (1.7)
Pf = (Pif
α) θi ⊗ eα. (1.8)
Thus, Pf is a f∗T 1,0N -valued (1,0)-form on M . We can contract Pf with ∂¯bf¯ to obtain a
scalar, namely
〈Pf, ∂¯bf¯〉 = gαβ¯(Pifα)fβj¯ hij¯ (1.9)
We also define the norm of the tensor Bij¯f by
|Bij¯fα|2 = gαβ(Bij¯fα)(Bkl¯fβ)hik¯hlj¯ . (1.10)
We say that f is a CR-pluriharmonic map if Bi¯j(f
α) = 0 for all 1 ≤ i, j ≤ m and 1 ≤ α ≤ n.
Now we can state our main theorem.
Theorem 1.2. Let (M2m+1, θ) be a closed pseudo-Hermitian CR manifold and let (Nn, g) be
a Ka¨hler manifold. Let f :M → N be a smooth map. Then
− m− 1
m
∫
M
〈Pf, ∂¯bf¯〉 =
∫
M
|Bij¯fα|2 +
∫
M
Rρδγβf
β
l¯
fρ
j¯
(fγi f
δ
k − fγk f δi )hil¯hkj¯, (1.11)
and
−
∫
M
〈Pf, ∂¯bf¯〉 =
∫
M
〈τ [f ], τ¯ [f ]〉 − √−1m
∫
M
gαβA
i¯j¯fαi¯ f
β
j¯
. (1.12)
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Here, the curvature tensor Rαβγδ is given by
Rαβγδ =
∂2gγδ
∂zα∂zβ
− gµν¯ ∂gγν¯
∂zα
∂gµδ
∂zβ
. (1.13)
In [16], the author introduced the following definition: the curvature tensor Rαβγδ is said to
be strongly negative (resp. strongly seminegative) if Rαβγδ(A
αBβ − CαDβ)(AδBγ − CδDγ) is
positive (resp. nonnegative) for arbitrary complex numbers Aα, Bα, Cα, Dα, when AαBβ −
CαDβ 6= 0 for at least one pair of indices α, β. Using argument in [16], we obtain the following
corollary.
Corollary 1.3. Let (M2m+1, θ) be a closed pseudo-Hermitian CR manifold of dimension at
least 5, and (Nn, g) a Ka¨hler manifold. Then
(a) If N has strongly semi-negative curvature, then∫
M
〈Pf, ∂¯bf¯〉 =:
∫
M
gαβ(Pif
α)fβ
j¯
hij¯ θ ∧ (dθ)m ≤ 0 (1.14)
for any smooth map f : M → N . The equality holds if and only if f is CR-pluriharmonic.
(b) If M has vanishing pseudohermitian torsion, N has strongly negative curvature, and if f
is pseudo-Hermitian harmonic with df having rank at least 4 at a dense set of M , then f
must be CR-holomorphic or anti CR-holomorphic.
We remark that part (a) in the corollary generalizes a result in [6] about positivity of the
operator P for maps; and part (b) gives a CR version of Siu’s rigidity theorem.
2. Harmonic map equations
For basic notions in pseudohermitian geometry, we refer the reader to [7, 8] or [17], [9], [12]
and [11]. Let (M2m+1, θ) be a (2m + 1)-dimensional, strictly pseudoconvex pseudo-Hermitian
manifold and let (Nn, g) be a Ka¨hler manifold. Suppose that f : M → N is a smooth map. We
can define the pointwise ∂¯b-energy of f as follows. Suppose p ∈M and q = f(p). We choose a
local coordinate chart V of N near q. Near p, we choose a local holomorphic frame {Zi} and
let hij¯ be the Levi-form with respect to {Zi}. That is,
dθ = ihij¯θ
i ∧ θj¯, (2.1)
where, {θi} is a holomorphic coframe dual to {Zi} and θi¯ = θi. Then the ∂¯b-energy density
e(f)(p) is
e(f)(p) = gαβ¯f
α
i¯
f β¯j h
ji¯, (2.2)
where the summation convention is used. The ∂¯b-energy functional of f is
E[f ] =
∫
M
e(f)(p) =
∫
M
e(f)θ ∧ (dθ)m. (2.3)
A critical point of the functional E satisfies τ(f) = 0, where
τα[f ] =: hji¯
(
fαi¯j + Γ
α
βγf
β
i¯
fγj
)
, 1 ≤ α ≤ n. (2.4)
Here, Γαβγ , or more precisely, Γ
α
βγ ◦ f , is the Christoffel symbols of N evaluated at the point
f(p), with respect to coordinates {zα} and fα
i¯j
is the second order covariant derivative of fα
with respect to the Tanaka-Webster connection on M . In fact, given p ∈M , we choose a local
chart V of f(p) and consider the family ft defined as f
α
t = f
α + tψα, where ψα are smooth
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functions with compact supports in a neighborhood of p. Then, by a standard calculation for
d
dt
E(ft)|t=0 = 0, one has Euler-Lagrange equation (2.4).
Definition 2.1. Let (M2m+1, θ) be a (2m+ 1)-dimensional pseudohermitian manifold and let
(N, g) is a Ka¨hler manifold with Ka¨hler metric g. Suppose that f : M → N is a smooth map.
(i) We say that f is pseudohermitian harmonic map if it satisfies τ [f ] = 0. That is,
hji¯
(
fα
i¯j
+ Γαβγf
β
i¯
fγj
)
eα = 0 (2.5)
(ii) We say that f is ∂¯b-pluriharmonic map if(
fα
i¯j
+ Γαβγf
β
i¯
fγj
)
θi¯ ∧ θj ⊗ eα = 0 (2.6)
(iii) We say that f is CR-pluriharmonic if m ≥ 2 and
fαi¯j + Γ
α
βγf
β
i¯
fγj =
τα[f ]
m
hji¯. (2.7)
Remark 1. (a) It is easy to see that f is ∂¯b-pluriharmonic map if and only if f is both CR-
pluriharmonic and pseudohermitian harmonic.
(b) If f is a CR map, then regardless of the Ka¨hler metric on N and pseudohermitian struc-
ture on M , f is ∂¯b-pluriharmonic. On the other hand, a conjugate (anti) CR map is
∂¯b-pluriharmonic if and only if df(T ) = 0, where T is the Reeb vector field associated to
the contact form θ.
(c) When N = Cn and m ≥ 2, from a well-known result by Bedford, Ferderbush [2, 3] and Lee
[8], f is CR-pluriharmonic if and only if for any holomorphic local coordinates {zα} on N ,
the real and imaginary parts of fα := zα ◦ f are locally real parts of CR functions.
Example 1. Let N = Bn be the unit ball in C
n with Bergman metric given in standard
coordinates by
gαβ = (1− |z|2)−2
(
zαzβ + (1− |z|2)δαβ
)
. (2.8)
The corresponding Christoffel symbols are
Γαβγ = (1− |z|2)−1(zβδαγ + zγδαβ). (2.9)
Therefore, a map f : M → Bn is pseudohermitian harmonic if and only if (fα) satisfies the
following system.
−bfα + (1− |z|2)−1hij¯
∑
β
(
fαi f
βfβ
j¯
+ fα
j¯
fβfβi
)
= 0, (2.10)
whereb is the Kohn-Laplacian. It is well-known that the Bergman metric has strongly negative
curvature [16]. Corollary 1.3 implies that any smooth embedding of the sphere S2m+1 (m ≥ 2)
into Bn satisfying (2.10) must be a CR embedding.
The following proposition shows that the CR-pluriharmonicity is CR invariant (i.e does not
depend on the pseudo-Hermitian structures on M). When N = Cn, the proposition follows
directly from aforementioned result in [8].
Proposition 2.2. Let (M,θ) and (N, g) be a pseudohermitian manifold and a Ka¨hler manifold,
respectively. If f : M → N is CR-pluriharmonic with respect to θ, then it is CR-pluriharmonic
with respect to any θˆ = e2σθ.
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Proof. Locally, we can choose a local holomorphic frame {Zi} and its dual admissible coframe
{θi} for θ. As in [7], we choose
θˆk = eσ(θk + 2
√−1σkθ). (2.11)
Then {θˆk} is an admissible coframe for θˆ, with the same matrix hˆij¯ = hij¯ , and dual to the
holomorphic frame {Zˆk = e−σZk}. The Webster connection forms ωˆil is given by [7]
ωˆi
l = ωi
l + 2(σiθ
l − σlθi) + δil(σkθk − σkθk)
+
√−1(σli + σil + 4σiσl + 4δilσkσk)θ. (2.12)
Therefore,
ωˆi
l(Zˆj¯) = e
−σ(ωi
l(Zj¯)− 2σlhij¯ − δilσj¯). (2.13)
In local frame Zˆk, we write ∇ˆi = ∇ˆZi , etc.,
∇ˆj¯∇ˆifα = Zˆj¯(Zˆifα)− ωˆil(Zˆj¯)Zˆlfα
= e−2σ
(
Zj¯(Zif
α)− σj¯Zifα
− ωil(Zj¯)Zlfα + 2σlhij¯Zlfα + δilσj¯Zlfα
)
= e−2σ∇j¯∇ifα + 2e−2σσlfαl hij¯. (2.14)
Suppose that f is CR-pluriharmonic, i.e. (2.7) holds, then we obtain
∇ˆj∇ˆi¯fα + Γαβγ(Zˆifβ)(Zˆjfγ) = e−2σ
(
τα[f ]
m
+ 2σl¯fα
l¯
)
hji¯, (2.15)
which implies that f is CR-pluriharmonic with respect to θˆ, as desired. 
3. Proof of Theorem 1.2
In this section, we give a proof of Theorem 1.2. For convenience, we introduce several
notations similar to those in [14]. Let ∂¯bf be the f
∗T 0,1N -valued one form represented by (fα
i¯
).
Then the covariant derivative D∂¯bf in [16] has components
fα
i¯|j =: f
α
i¯j
+ Γαβγf
β
i¯
fγj , (3.1)
where, fα
i¯j
denotes covariant derivative with respect to Tanaka-Webster connection onM . Thus,
f is ∂¯b-pluriharmonic if and only if D∂¯bf = 0, and f is pseudohermitian harmonic if and only
if
τα[f ] =: hji¯fαi¯|j = 0. (3.2)
The covariant derivative D¯D¯∂bf is formed similarly, namely
fα
i|j¯|k¯ = Zk¯(f
α
i|j¯)− Γl¯k¯j¯fαi|l¯ − Γlkifαl|j¯ + Γαβγf
β
i|j¯
fγ
k¯
= (fαi|j¯),k + Γ
α
βγf
β
i|j¯
fγ
k¯
. (3.3)
Here, the covariant derivatives with respect to Tanaka-Webster connection on M are denoted
by indexes preceded by commas. Also,
fαi|j¯|k = (f
α
i|j¯),k + Γ
α
βγf
β
i|j¯
fγk and f
α
i|j|k
= (fαi|j),k + Γ
α
βγf
β
i|jf
γ
k
. (3.4)
In what follows, we will denote the curvatures on M and N by R with Latin indices and Greek
indices, respectively. Thus, Ri
l
jk¯ and Aij are components of Webster curvature and torsion on
M , respectively, while Rαβγδ are components of curvature on N .
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Lemma 3.1. We have the following commutation relations
fαi|j¯ − fαj¯|i =
√−1fα0 hij¯ , fαi|j = fαj|i; (3.5)
fα
0|¯i − fαi¯|0 = Ai¯kfαk ; (3.6)
fα
i|j¯|k¯ − fαi|k¯|j¯ =
√−1
(
hij¯Ak¯
l − hik¯Aj¯ l
)
fαl +R
α
βδγ
fβi (f
γ
j¯
f δ
k¯
− fγ
k¯
f δ
j¯
); (3.7)
fα
j¯|i|k − fαj¯|k|i =
√−1(hkj¯Aℓi − hij¯Aℓk)fαℓ +Rαβδγf
β
j¯
(fγi f
δ
k − fγk f δi ); (3.8)
fα
i|j|k¯ − fαi|k¯|j =
√−1hjk¯fαi|0 +Riljk¯fαl +Rαβδγf
β
i (f
γ
j f
δ¯
k¯
− fγ
k¯
f δ¯j ) (3.9)
Proof. The proof use the usual commutation relations for functions on CR manifolds as derived
[8] and [12]. For the first relation in (3.5), since Γαβγ = Γ
α
γβ, we deduce from (3.1) that
fαi|j¯ − fαj¯|i = fαij¯ − fαj¯i =
√−1fα0 hij¯ , (3.10)
as desired. The proof of (4.8) is similar. To prove (3.7), we compute, at a point p under the
assumption that the Christoffel symbols of M at p and those of N at f(p) vanish,
fα
i|j¯|k¯ = (f
α
i|j¯),k¯ (covariant derivative)
= fα
ij¯k¯
+ (Γαβγf
β
i f
γ
j¯
),k¯
= fα
ij¯k¯
+ ∂δΓ
α
βγf
β
i f
γ
j¯
f δ
k¯
+Rα
βδγ
f δ¯
k¯
fβi f
γ
j¯
(3.11)
Since the Christoffel symbols vanish at f(p), one has ∂δΓ
α
βγ = ∂γΓ
α
βδ at f(p), and thus
fα
i|j¯|k¯ − fαi|k¯|j¯ = fαij¯k¯ − fαik¯j¯ +Rαβδγf
β
i (f
γ
j¯
f δ
k¯
− fγ
k¯
f δj¯ ), (3.12)
which, by the commutation relations for Tanaka-Webster covariant derivatives (see [6]), im-
plies (3.7).
Similarly, with Γαβγ(f(p)) = 0, one has
fα
j¯|i|k − fαj¯|k|i = fαj¯ik − fαj¯ki + (Γαβγfβj¯ fγi),k − (Γαβγf
β
j¯
fγk ),i
= −√−1(hij¯Aℓk − hkj¯Aℓi)fαℓ +Rαβδγf
β
j¯
(fγi f
δ
k − fγk f δi )
=
√−1(hkj¯Aℓi − hij¯Aℓk)fαℓ +Rαβδγf
β
j¯
(fγi f
δ
k − fγk f δi ).
This proves (3.8). The proof of (3.9) is similar and is omitted. 
Proof of Theorem 1.2. We compute covariant derivative, using (3.7), (3.8) and (3.9),
Dk(Bij¯f
α) = fαi|j¯|k −
1
m
fαl|p¯|kh
lp¯
= fα
j¯|i|k +
√−1fα0|khij¯ −
1
m
fαl|p¯|kh
lp¯hij¯
= fαj¯|k|i +
√−1(hkj¯Ail¯ − hij¯Akl¯)fαl¯
+Rα
ρδγ
fρ
j¯
(fγi f
δ
k − fγk f δi ) +
√−1fα0|khij¯ −
1
m
fαl|p¯|kh
lp¯hij¯
= fα
j¯|k|i +
√−1(hkj¯Ail¯ − hij¯Akl¯)fαl¯
+Rα
ρδγ
fρ
j¯
(fγi f
δ
k − fγk f δi )−
1
m
fαp¯|l|kh
lp¯hij¯ . (3.13)
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Taking the trace over k and j (using the Levi matrix hkj¯),
hkj¯Dk(Bij¯f
α) =
m− 1
m
Pif
α +Rα
ρδγ
fρ
j¯
(fγi f
δ
k − fγk f δi )hkj¯ (3.14)
From (3.14), we see that if the target manifold N is flat and m ≥ 2, then any CR-pluriharmonic
map satisfies Pif
α = 0. This is Graham and Lee’s result in [6].
As in [6], we consider the tensor E on M defined by
Ej¯ = gαβf
β
l¯
(Bij¯f
α)hil¯. (3.15)
Then, the divergent δE is
Ej¯
,j¯ = gαβf
β
l¯|k
(Bij¯f
α)hil¯hkj¯ + gαβf
β
l¯
(Bij¯f
α)|kh
il¯hkj¯
= |Bij¯fβ|2 +
m− 1
m
〈Pf, ∂¯bf¯〉+Rρδγβfβl¯ f
ρ
j¯
(fγi f
δ
k − fγk f δi )hil¯hkj¯. (3.16)
Here, we used the fact that Bij¯f
α is trace-free. Taking integral both sides over closed manifold
M , we obtain
− m− 1
m
∫
M
〈Pf, ∂¯bf¯〉 =
∫
M
|Bij¯fβ|2 +
∫
M
Rρδγβf
β
l¯
fρ
j¯
(fγi f
δ
k − fγk f δi )hil¯hkj¯. (3.17)
This proves (1.11). To prove (1.12), we consider
Fl¯ = gαβf
α
j¯|kf
β
l¯
hkj¯. (3.18)
The divergent δF is
Fℓ
,ℓ = gαβf
α
j¯|k|if
β
l¯
hkj¯hil¯ + gαβf
α
j¯|kf
β
l¯|i
hkj¯hil¯ (3.19)
= gαβ
(
Pif
α −√−1mAik¯fαk¯
)
fβ
l¯
hkj¯hl¯i + gαβτ
α[f ]τβ[f ]. (3.20)
Taking integration over M , we obtain the desired equality. 
4. Rigidity theorem/Proof of Corollary 1.3
In this section, we prove Corollary 1.3. For the part (a), supposeN has strongly semi-negative
curvature, then
Rρδγβf
β
l¯
fρ
j¯
(fγi f
δ
k − fγk f δi )hil¯hkj¯
=
1
2
Rγδρβ(f
γ
i f
δ
k − fγk f δi )(fβl f ρ¯j − fβj f ρ¯l )hkj¯hil¯ ≥ 0. (4.1)
This and (1.11) imply that ∫
M
〈Pf, ∂¯bf¯〉 ≤ 0. (4.2)
The equality holds if and only if both terms in the right of (1.11) vanish; in particular,
Bij¯f
α = 0, (4.3)
and therefore, f is CR-pluriharmonic.
Part (b) follows from the following more general theorem.
8 SONG-YING LI AND DUONG NGOC SON
Theorem 4.1. Let (M2m+1, θ) be a closed pseudo-Hermitian CR manifold with CR dimension
m, (N, g) a Ka¨hler manifold, and f : M → N a pseudo-Hermitian harmonic map. Suppose also
that M has vanishing Webster torsion, N has strongly negative curvature, and df |H has (real)
rank at least 4 on a dense set of M , then f is a CR or anti CR map. Furthermore, if f is an
immersion, then f must be CR. More generally, if the curvature of N is negative of order k
and df |H has rank at least 2k on a dense set, then the same conclusion holds.
Here, as defined in [16], the curvature tensor Rαβγδ of N is said to be negative of order k if
it is strongly semi-negative and satisfies the following: If A = (Aα
i¯
) and B = (Bαi ) are any two
m× k matrices with
rank
(
A B
B¯ A¯
)
= 2k,
and if ∑
αβγδ
Rαβγδξ
αβ
i¯j¯
ξγδ
i¯j¯
= 0, where ξαβ
i¯j¯
= Aαi¯ B
β
j −Aαj¯ Bβi
for all 1 ≤ i, j ≤ k, then either A = 0 or B = 0. As proved in [16, Lemma 2], if the curvature
of N is strongly negative, then it is negative of order 2.
Proof of Theorem 4.1. The proof follows the lines in [16] and is included here for completeness.
Let U be an open connected open subset of M such that the rank of df |H over R is at least
2k on U . Fix p ∈ M , we shall prove that either ∂¯bf(p) = 0, or ∂bf(p) = 0; since U is dense
in M , it suffices to prove in the case p ∈ U . Let K be the kernel of df |H : Hp → TqM . Then
dimRK ≤ 2n − 2k. By Lemma 1 in [16], there exists a basis g1, g2, . . . , gn of Hp over C such
that for a tube of k indices 1 ≤ i1 < · · · < ik ≤ n the intersection of K with the C-vector
subspace of Hp spanned by gi1 , . . . , gik is zero. Choose a holomorphic frame {Zj : 1 ≤ j ≤ n}
in a neighborhood of p such that gj = Zj + Z¯j and let W be the complex vector subspace
of T 1,0p ⊕ T 0,1p , spanned by {Zj |p, Z¯j |p | j = 1, 2, . . . k}. Then df |W has rank at least 2k. Let
A = (fα
i¯
) and B = (fαi ) at p. Then
rank
(
A B
B¯ A¯
)
= 2k (4.4)
Since M has vanishing torsion, i.e, Aij = 0, and τ [f ] = 0, from (1.12), we deduce that f is
∂¯b-pluriharmonic, and ∑
αβγδ
Rαβγδξ
αβ
i¯j¯
ξγδ
i¯j¯
= 0 at q′, (4.5)
where
ξαβ
i¯j¯
= fα
i¯
(p)fβ
j¯
(p)− fα
j¯
(p)fβ
i¯
(p) = Aα
i¯
Bβj −Aαj¯ Bβi . (4.6)
Since Rαβγδ is negative of order k, we deduce that for 1 ≤ i1 < · · · < ik ≤ n, either fαj¯ = 0
for all α and j = i1, i2, . . . , ik or f
α
j = 0 for all α and j = i1, i2, . . . , ik. Because k ≥ 2, it must
follows that either fα
i¯
= 0 for all α and all j, or fαj = 0 for all α and all j.
To finish the proof, we need the following lemma which generalizes a previous result for
sphere in Cm+1 in [10, Theorem 3.1].
Lemma 4.2. Let M be a strictly pseudoconvex CR manifold of dimension at least 5. Suppose
that M admits a (local) transversal infinitesimal CR automorphism X at every point. Assume
that g is a twice differentiable function on M such that for any p ∈ M , either ∂bg(p) = 0, or
∂¯bg(p) = 0. Then g is either CR, or anti CR.
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Proof. We shall follow the idea in [10, Theorem 3.1]. Let A0 and B0 be the closures of the
interiors of the sets {∂bg = 0} and {∂¯bg = 0}, respectively. It follows that A0 ∪ B0 = M . If
either A0 or B0 is empty, then the conclusion of the lemma is clear. Thus suppose that both
sets are nonempty. We shall show that g is a constant. By connectedness, it suffices to show
that g is locally constant. Therefore, we can assume that there is a frame {Zi, Zi¯, T} on M
such that T = X is the given infinitesimal CR automorphism, {Zi} is a holomorphic frame,
and Zi¯ = Zi. We have the following identities
[Zj¯, Zi] =
√−1hij¯T + Γlj¯iZl − Γl¯ij¯Zℓ, (4.7)
[Zj, Zi] = Γ
k
jiZk − ΓkijZk, (4.8)
[Zj , T ] = −Γk0jZk; (4.9)
where the hij¯ and the Christoffel symbols are the Levi-form and the symbols corresponding
to the pseudohermitian structure θ for which T is the associated Reeb vector field [7, p. 418].
Notice that the vanishing of the components of the Webster torsion follows from the assumption
that T is an infinitesimal CR automorphism.
Let K = A0 ∩B0 and p ∈ K. Then for each j, Zjg and Zj¯g both vanish at p. Moreover, by
continuity, ZkZj¯g = 0 on B0 and Zj¯Zkg = 0 on A0. Therefore, from (4.7) we find that Tg = 0
on K.
Let
G(p) =
{
0, if p ∈ B0,
T g(p), if p ∈ A0.
(4.10)
Then G is continuous on M . We claim that G is anti CR on M . In fact, on the interior of A0,
one computes, using (4.9),
Zj(Tg) = T (Zjg)− Γk0jZkg = 0.
Then by continuity, Zj(G) vanishes on A0 and so on the whole M ; the claim immediately
follows.
By well-known unique continuation for anti CR functions (see, e.g., [11] for a detail proof,
notice that M is locally embeddable into Cm+1), it follows that G ≡ 0 on M . Whence, Tg
vanishes on A0. Using similar argument for g¯, we find that Tg = T g¯ also vanishes on B0.
Therefore,
Tg = 0 on M. (4.11)
From (4.7) and (4.11), we find that, for all i, j,
gi,j¯ = gj¯,i. (4.12)
Since the left hand side vanishes on A0, while the right hand side vanishes on B0, both must
vanish on M . Hence g must be a constant. 
Applying the lemma for each component fα (noticing that the vanishing of Webster torsion
implies that the Reeb vector field T is a transversal CR automorphism), we conclude that f is
either CR or anti-CR, as desired.
Finally, if f is anti CR, then fαj = 0. Therefore,
fα0 =
√−1
m
(fα
i¯|j − fαj |¯i)hji¯ = 0. (4.13)
This equation cannot happen when f is an immersion. 
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